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1 Introduction
Almost Hermitian manifolds are almost complex manifolds equipped with a Riemannian metric compat-
ible with the almost complex structure. They form the largest class of generalized Ka¨hler manifolds.
All the other generalized Ka¨hler manifolds such as almost Ka¨hler, quasi Ka¨hler, nearly Ka¨hler and semi
Ka¨hler manifolds are all special almost Hermitian manifolds. Among all these classes of generalized
Ka¨hler manifolds, almost Ka¨hler and nearly Ka¨hler manifolds attracted the most attentions, because the
former one is related to sympletic geometry and the latter one is nowadays related to theoretical physics.
For geometry of almost Hermitian manifolds, nearly Ka¨hler manifolds and almost Ka¨hler manifolds
with respect to the Levi-Civita connection, one can refer to [1, 11–15, 22]. There is another connection
more related to the almost complex structure than the Levi-Civita connection which generalizes the
Chern connection on Hermitian manifolds (see [4]). The connection is called the canonical connection for
almost Hermitian manifolds which was first introduced by Ehresmann-Libermann [8]. The geometry of
almost Hermitian manifolds with respect to the canonical connection received some attentions since the
work of Kobayashi [18, 19]. In [26], Tossati, Weinkove and Yau used the canonical connection to solve
the Calabi-Yau equation on sympletic manifolds with certain positivity on a combination of curvature
tensor and torsion of the canonical connection. Their work is related to Donaldson’s program [6,7]. The
canonical connection is also useful in the study of strictly nearly Ka¨hler manifolds by Nagy( [20, 21])
and Butruille [2]. The geometry of almost Hermitian manifolds with respect to the canonical connection
was also studied by Tossati [25] and Tam-Fan-Yu [9]. The work of Tossati [25] extended Yau’s Schwartz
∗Corresponding author
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lemma [29] to almost Hermitian manifolds. The work of Tam-Fan-Yu [9] extended the result of Seshadri-
Zheng [23] to almost Hermitian manifolds which is also a generalization of a result in [24].
In this paper, we first systematically compute the Bianchi identities on almost Hermitian manifolds.
Some of the Bianchi identities listed in this paper are hidden in different forms in [13, 18, 19, 26]. Then,
by the help of the Bianchi identities, we compute the curvature of the Levi-Civita connection on an
almost Hermitian manifold in terms of curvature and torsion of the canonical connection. In [5], the
authors made a converse computation for quasi Ka¨hler manifolds. Indeed, they compute the curvature of
the canonical connection in terms of curvature of the Levi-Civita connection for quasi Ka¨hler manifolds.
Hence, the curvature identities for quasi Ka¨hler manifolds we obtained in section 3 are also hidden in a
converse form in [5]. The curvature identities comparing curvature tensors of the canonical connection
and the Levi-Civita connection for Hermitian manifolds are also obtained in [30]. [30] also provides some
interesting examples of generalized Ka¨hler manifolds.
Then, with the help of the curvature identities, we obtain the following two integrable results for quasi
Ka¨hler manifolds.
Theorem 1.1. Let (M,J, g) be a quasi Ka¨hler manifold. Then
Sc 6 S∗ (1.1)
all over M . Moreover, if the equality holds all over M , then Rij¯kl = 0 for all i, j, k and l all over M .
If the manifold is almost Ka¨hler, then it must be Ka¨hler when the equality holds all over M . Here S∗
is the ∗-scalar curvature for the Levi-Civita connection and Sc is the scalar curvature of the canonical
connection.
Theorem 1.2. Let (M,J, g) be a compact quasi Ka¨hler manifold with quasi positive second Ricci cur-
vature and parallel (2,0)-part of the curvature tensor. Then, the manifold must be Ka¨hler.
For the first result above, there are some related discussions on almost Ka¨hler manifolds in [5]. For
the second result above, one should note that without any curvature assumption, even for almost Ka¨hler
manifolds, the vanishing of (2,0)-part of the curvature tensor of the canonical connection does not imply
integrability. One can find such kind of examples in [1]. Moreover, the assumption that the second Ricci
curvature is quasi positive can not be relaxed to nonnegative. Indeed, in [5], the authors constructed quasi
Ka¨hler structures on the Iwasawa manifold with vanishing curvature tensor for the canonical connection.
Finally, by the help of the curvature identities, we obtain the following integrability of nearly Ka¨hler
manifolds.
Theorem 1.3. Let (M,J, g) be a nearly Ka¨hler manifold. If the Ricci curvature of the canonical con-
nection is positive definite or negative definite at some point, then the manifold must be Ka¨hler.
Theorem 1.4. Let (M6, J, g) be a strictly nearly Ka¨hler manifold. Then Rij¯ = 0 for all i and j.
Here, a strictly nearly Ka¨hler manifold is a nearly Ka¨hler manifold that is not Ka¨hler. By the last
theorem, it may be natural to view a six dimensional strictly nearly Ka¨hler manifold, such as S6, as
an extension of Calabi-Yau manifolds. Moreover, as a corollary, we reproduce the well-known result of
Gray [13] that any six dimensional strictly nearly Ka¨hler manifold is Einstein as a Riemannian manifold.
The organization of the remaining parts of the paper is as follows. In Section 2, we derive Bianchi
identities on almost Hermitian manifolds and their corollaries for generalized Ka¨hler manifolds. In Section
3, we compare the curvature tensors of the canonical connection and the Levi-Civita connection of an
almost Hermitian manifold. In Section 4 and Section 5, we obtain some integrability results for quasi
Ka¨hler manifolds and nearly Ka¨hler manifolds respectively.
2 Bianchi identities on almost Hermitian manifolds
In this section, we systematically derive the Bianchi identities on almost Hermitian manifolds.
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Definition 2.1 ( [10, 18, 19]). Let (M,J) be an almost complex manifold. A Riemannian metric g on
M such that g(JX, JY ) = g(X,Y ) for any two tangent vectors X and Y is called an almost Hermitian
metric. The triple (M,J, g) is called an almost Hermitian manifold. The two form ωg = g(JX, Y ) is
called the fundamental form of the almost Hermitian manifold. A connection ∇ on an almost Hermitian
manifold (M,J, g) such that ∇g = 0 and ∇J = 0 is called an almost Hermitian connection.
Let ∇ be a connection on the manifoldM . Recall that the torsion τ of the connection is a vector-valued
two-form defined as
τ(X,Y ) = ∇XY −∇YX − [X,Y ]. (2.1)
There are many almost Hermitian connections on an almost Hermitian manifold. However, there is a
unique one such that τ(X,Y ) = 0 for any two (1, 0)-vectors X and Y . Such a notion is first introduced
by Ehresman and Libermann [8].
Definition 2.2 ( [18,19]). The unique almost Hermitian connection ∇ on an almost Hermitian manifold
(M,J, g) with vanishing (1, 1)-part of the torsion is called the canonical connection of the almost Hermitian
manifold.
For sake of convenience, in the remaining parts of this paper, we adopt the following conventions:
1. without further indications, the manifold M is of real dimension 2n;
2. D denotes the Levi-Civita connection, RL denotes its curvature tensor, and ’,’ means taking co-
variant derivatives with respect to D;
3. ∇ denotes the canonical connection,R denotes the curvature tensor of ∇ and ”;” means taking
covariant derivatives with respect to ∇.
4. without further indications, capital English letters such asA,B,C denote indices in {1, 1¯, 2, 2¯, · · · , n, n¯};
5. without further indications, i, j, k etc. denote indices in {1, 2, · · · , n}.
6. without further indications, Greek letters such as λ, µ denote summation indices going through
{1, 2, · · · , n}.
Recall that the Nijenhuis tensor for an almost complex manifold is a vector value two-form defined as
N(X,Y ) = [JX, JY ]− J [JX, Y ]− J [X, JY ]− [X,Y ] (2.2)
for any tangent vectors X and Y .
The following relation of Nijenhuis tensor and torsion is well know.
Lemma 2.1 ( [8, 18, 19]). Let (M, g, J) be an almost Hermitian manifold, (e1, e2, · · · , en) be a local
(1, 0)-frame. Then Nkij = N
k¯
ij¯
= Nk
ij¯
= 0 and N k¯ij = 4τ
k¯
ij for all i, j and k.
Recall the definition of curvature operator:
R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z. (2.3)
The curvature tensor is defined as
R(X,Y, Z,W ) = 〈R(Z,W )X,Y 〉. (2.4)
Fixed a unitary (1, 0)-frame (e1, e2, · · · , en), since ∇J = 0, we have
RijAB = R
j¯
i AB = 0 (2.5)
for all indices i, j and A,B. Moreover, similarly as in the Riemannian case, we have the following
symmetries of the curvature tensor:
RABCD = −RBACD = −RABDC (2.6)
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for all indices A,B,C and D. Recall that R′AB = g
µ¯λRλµ¯AB and R
′′
ij¯
= gµ¯λRij¯λµ¯ are called the first and
the second Ricci curvature of the almost Hermitian metric g respectively.
The following general first and second Bianchi identities can be found in [17].
Lemma 2.2 (First Bianchi identity). Let M a smooth manifold and ∇ be an affine connection on M
with torsion τ . Then
R(X,Y )Z +R(Y, Z)X +R(Z,X)Y
=(∇Xτ)(Y, Z) + (∇Y τ)(Z,X) + (∇Zτ)(X,Y )− τ(X, τ(Y, Z)) − τ(Y, τ(Z,X))− τ(Z, τ(X,Y ))
(2.7)
for any tangent vectors X,Y and Z.
Lemma 2.3 (Second Bianchi identity). Let (M, g) be a Riemannian manifold, ∇ be an affine connection
compatible with the Riemannian metric g, and τ be the torsion of ∇. Then,
(∇WR)(X,Y, U, V ) + (∇UR)(X,Y, V,W ) + (∇VR)(X,Y,W,U)
= −R(X,Y, τ(U, V ),W )−R(X,Y, τ(V,W ), U)−R(X,Y, τ(W,U), V )
(2.8)
for any tangent vectors X,Y, U, V,W .
By directly applying the Bianchi identities above, (2.5) and (2.6), we have the following identities.
Some of them can also be found in different forms in [18, 19] and [26].
Corollary 2.1. Let (M,J, g) be an almost Hermitian manifold and fix a local unitary (1, 0) frame. Then
1. τ j¯ik;l + τ
j¯
kl;i + τ
j¯
li;k = τ
j¯
iλτ
λ
kl + τ
j¯
kλτ
λ
li + τ
j¯
lλτ
λ
ik;
2. Rij¯kl¯ −Rkj¯il¯ = τ
j
ik;l¯
− τ λ¯ikτ
j
l¯λ¯
;
3. Rij¯kl¯ −Ril¯kj¯ = τ
i¯
j¯ l¯;k
− τ i¯kλτ
λ
j¯l¯
;
4. Rij¯kl¯ −Rkl¯ij¯ = τ
l
ik;j¯
+ τ i¯
j¯ l¯;k
− τ i¯kλτ
λ
j¯l¯
− τ l
j¯λ¯
τ λ¯ik;
5. Rij¯kl = −τ
i¯
kl;j¯
+ τ i¯
j¯λ¯
τ λ¯kl;
6. Rij¯kl +Rkj¯li +Rlj¯ik = τ
j
ik;l + τ
j
kl;i + τ
j
li;k − τ
j
iλτ
λ
kl − τ
j
kλτ
λ
li − τ
j
lλτ
λ
ik;
7. Rij¯kl;m +Rij¯lm;k +Rij¯mk;l = τ
λ
klRij¯mλ + τ
λ
lmRij¯kλ + τ
λ
mkRij¯lλ + τ
λ¯
klRij¯mλ¯ + τ
λ¯
lmRij¯kλ¯ + τ
λ¯
mkRij¯lλ¯;
8. Rij¯kl¯;m −Rij¯ml¯;k = −Rij¯mk;l¯ − τ
λ
mkRij¯λl¯ − τ
λ¯
mkRij¯λ¯l¯;
9. Rij¯kl¯;m¯ −Rij¯km¯;l¯ = −Rij¯l¯m¯;k − τ
λ
l¯m¯
Rij¯λk + τ
λ¯
l¯m¯
Rij¯kλ¯;
Proof. By Lemma 2.2, we have
R DC AB +R
D
A BC +R
D
B CA = τ
D
BC;A + τ
D
CA;B + τ
D
AB;C − τ
D
AEτ
E
BC − τ
D
BEτ
E
CA − τ
D
CEτ
E
AB. (2.9)
Letting C = i, A = k,B = l and D = j¯, we obtain (1). Letting C = i, A = k,B = l¯ and D = j,
we obtain(2). Taking conjugate of (2), we obtain (3). Subtracting (2) and (3), we obtain (4). Letting
C = i¯, A = k,B = l and D = j¯, we obtain (5). Letting C = i, A = k,B = l and D = j, we obtain (6).
Moreover, by Lemma 2.3, we have
RABCD;E +RABDE;C +RABEC;D = −τ
F
CDRABFE − τ
F
DERABFC − τ
F
ECRABFD. (2.10)
Letting A = i, B = j¯, C = k,D = l and E = m, we obtain (6). Letting A = i, B = j¯, C = k,D = l¯ and
E = m, we obtain (7). Finally, letting A = i, B = j¯, C = k,D = l¯ and E = m¯, we obtain (8).
By Lemma 2.1, when the complex structure is integrable, we have τ k¯ij = 0. Hence, we have the following
identities on Hermitian manifolds.
Corollary 2.2. Let (M,J, g) be a Hermitian manifold and fix a local unitary (1, 0)-frame. Then
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1. Rij¯kl¯ −Rkj¯il¯ = τ
j
ik;l¯
;
2. Rij¯kl¯ −Ril¯kj¯ = τ
i¯
j¯ l¯;k
;
3. Rij¯kl¯ −Rkl¯ij¯ = τ
l
ik;j¯
+ τ i¯
j¯ l¯;k
;
4. Rij¯kl = 0;
5. τ jik;l + τ
j
kl;i + τ
j
li;k = τ
j
iλτ
λ
kl + τ
j
kλτ
λ
li + τ
j
lλτ
λ
ik;
6. Rij¯kl¯;m −Rij¯ml¯;k = −τ
λ
mkRij¯λl¯;
7. Rij¯kl¯;m¯ −Rij¯km¯;l¯ = τ
λ¯
l¯m¯
Rij¯kλ¯.
Recall that an almost Hermitian manifold (M,J, g) is called almost Ka¨hler if dωg = 0 and it is called
quasi Ka¨hler if ∂¯ωg = 0. It was shown in [26](see also [18,19]) that quasi Kahlerity is equivalent to τ
k
ij = 0
for all i, j and k, and almost Kahlerity is equivalent to τkij = 0 and τ
k¯
ij + τ
j¯
ki + τ
i¯
jk = 0 for all i, j and k
when a local unitary (1,0)-frame is fixed. Hence, we have the following corollary.
Corollary 2.3. Let (M,J, g) be a quasi Ka¨hler manifold and fix a local unitary (1,0)-frame. Then,
1. τ j¯ik;l + τ
j¯
kl;i + τ
j¯
li;k = 0;
2. Rij¯kl¯ −Rkj¯il¯ = −τ
λ¯
ikτ
j
l¯λ¯
;
3. Rij¯kl¯ −Ril¯kj¯ = −τ
i¯
kλτ
λ
j¯l¯
;
4. Rij¯kl¯ −Rkl¯ij¯ = −τ
i¯
kλτ
λ
j¯l¯
− τ λ¯ikτ
l
j¯λ¯
;
5. Rij¯kl = −τ
i¯
kl;j¯
;
6. Rij¯kl +Rkj¯li +Rlj¯ik = 0;
7. Rij¯kl;m +Rij¯lm;k +Rij¯mk;l = τ
λ¯
klRij¯mλ¯ + τ
λ¯
lmRij¯kλ¯ + τ
λ¯
mkRij¯lλ¯;
8. Rij¯kl¯;m −Rij¯ml¯;k = −Rij¯mk;l¯ − τ
λ¯
mkRij¯λ¯l¯;
9. Rij¯kl¯;m¯ −Rij¯km¯;l¯ = −Rij¯l¯m¯;k − τ
λ
l¯m¯
Rij¯λk.
Recall that an almost Hermitian manifold (M,J, g) is said to be nearly Ka¨hler if (DXJ)X = 0 for any
tangent vector field X . The following criterion for nearly Ka¨hlerity is well known, see for example [20,21].
Lemma 2.4. An almost Hermitian manifold (M,J, g) is nearly Ka¨hler if and only if τkij = 0 and τ
k¯
ij = τ
i¯
jk
for all i, j and k when a local unitary (1,0)-frame is fixed.
It turns out that the torsion for a nearly Ka¨hler manifold must be parallel. This fact was first shown
by Kirichenko [16] and was crucial for the study of nearly Ka¨hler manifolds in [20, 21]. We give a proof
of this fact using the curvature identities we have derived in Corollary 2.3.
Theorem 2.1 (Kirichenko). Let (M,J, g) be a nearly Ka¨hler manifold. Then ∇τ = 0.
Proof. Fix a local unitary (1,0)-frame, by Lemma 2.4 we only need to show that τ k¯ij;l = τ
k¯
ij;l¯
= 0 for all
i, j, k and l.
By Lemma 2.4 and (5) in Corollary 2.3, we know that
Rij¯kl = −τ
i¯
kl;j¯ . (2.11)
Substituting this into (6) of Corollary 2.3 and using Lemma 2.4, we have
3τ i¯kl;j¯ = τ
i¯
kl;j¯ + τ
k¯
li;j¯ + τ
l¯
ik;j¯ = 0. (2.12)
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So τ k¯
ij;l¯
= 0 for all i, j, k and l.
On the other hand, by (1) in Corollary 2.3 and Lemma 2.4,
τ l¯ij;k = −τ
l¯
jk;i − τ
l¯
ki;j = −τ
k¯
lj;i − τ
k¯
il;j = τ
k¯
ji;l = −τ
k¯
ij;l. (2.13)
Therefore,
2τ k¯ij;l = τ
k¯
ij;l − τ
l¯
ij;k = τ
i¯
jk;l − τ
i¯
jl;k = −τ
i¯
kj;l − τ
i¯
jl;k = τ
i¯
lk;j . (2.14)
So, by the last identity,
τ i¯kl;j = −2τ
k¯
ij;l = 4τ
i¯
kl;j . (2.15)
and τ i¯kl;j = 0 for all i, j, k and l.
By Lemma 2.4 and Theorem 2.1, we have the following Bianchi identities for nearly Ka¨hler manifolds.
Corollary 2.4. Let (M,J, g) be a nearly manifold and fix a local unitary (1, 0)-frame. Then,
1. Rij¯kl¯ −Rkj¯il¯ = −τ
λ¯
ikτ
λ
j¯l¯
;
2. Rij¯kl¯ −Ril¯kj¯ = −τ
λ¯
ikτ
λ
j¯l¯
;
3. Rij¯kl¯ −Rkl¯ij¯ = 0;
4. R′
ij¯
= R′′
ij¯
;
5. Rij¯kl = 0;
6. τ λ¯klRij¯mλ¯ + τ
λ¯
lmRij¯kλ¯ + τ
λ¯
mkRij¯lλ¯ = 0;
7. Rij¯kl¯;m −Rij¯ml¯;k = 0;
8. Rij¯kl¯;m¯ −Rij¯km¯;l¯ = 0.
Remark 2.1. (1),(2),(7),(8) in different forms can be also found in [28].
Since the fist and second Ricci curvature tensors coincide for nearly Ka¨hler manifolds, we simply denote
them as Rij¯ for nearly Ka¨hler manifolds.
3 Curvatures of Levi-Civita and Canonical Connections
In this section, we compare the curvature tensor RL of the Levi-Civita connection D and the curvature
tensor R of the canonical connection ∇ on an almost Hermitian manifold (M,J, g).
Recall the following comparison of Levi-Civita connection and canonical connection on almost Hermi-
tian manifolds. One can find in [10] and in [9] for a proof.
Lemma 3.1.
〈DYX,Z〉 = 〈∇YX,Z〉+
1
2
(〈τ(X,Y ), Z〉+ 〈τ(Y, Z), X〉 − 〈τ(Z,X), Y 〉)
for any tangent vector fields X,Y and Z.
Theorem 3.1. Let (M,J, g) be an almost Hermitian manifold and fix a local unitary (1, 0)-frame. Then,
RL
ij¯kl¯
=
1
2
(Ril¯kj¯ +Rkj¯il¯)−
1
4
(τ i¯
l¯λ¯
τ
j
kλ + τ
l
iλτ
k¯
j¯λ¯
− τλikτ
λ¯
j¯l¯
)−
1
2
(τ i¯kλτ
λ
j¯l¯
+ τ λ¯ikτ
j
l¯λ¯
) +
1
4
(τ λ¯ik + τ
i¯
kλ − τ
k¯
λi)(τ
λ
j¯l¯
+ τ j
l¯λ¯
− τ l
λ¯j¯
).
(3.1)
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Proof. For p ∈ M , let (e1, e2, · · · , en) be local (1, 0)-frame at p such that ∇ei(p) = 0 and gij¯(p) = δij
(See [31] for the existence of such frames). Then
[ek, el](p) = ∇ekel(p)−∇elek(p)− τ(ek, el)(p) = 0. (3.2)
By Lemma 3.1, we have
Delei(p) =
1
2
τ liλ(p)eλ +
1
2
τ i¯
l¯λ¯
(p)eλ (3.3)
and
Dekei(p) =
1
2
τλikeλ +
1
2
(
τ λ¯ik + τ
i¯
kλ − τ
k¯
λi
)
eλ. (3.4)
Hence
〈DekDelei, ej〉(p)
=〈∇ekDelei, ej〉(p) +
1
2
(〈τ(Delei, ek), ej〉 − 〈τ(ej , Delei), ek〉) (p)
=ek〈Delei, ej〉(p)−
1
4
τ
j
kλτ
i¯
l¯λ¯
(p)−
1
4
τ liλτ
k¯
j¯λ¯
(p)
=ek
(
〈∇elei, ej〉+
1
2
〈τ(el, ej), ei〉
)
(p)−
1
4
τ
j
kλτ
i¯
l¯λ¯
(p)−
1
4
τ liλτ
k¯
j¯λ¯
(p)
=〈∇ek∇elei, ej〉(p)−
1
2
τ i¯
j¯ l¯;k(p)−
1
4
τ
j
kλτ
i¯
l¯λ¯
(p)−
1
4
τ liλτ
k¯
j¯λ¯
(p)
(3.5)
where we have used Lemma 3.1, (3.3) and (3.4).
Similarly, we have
〈DelDekei, ej〉(p)
=〈∇elDekei, ej〉(p) +
1
2
(〈τ(Dekei, el), ej〉+ 〈τ(el, ej), Dekei〉 − 〈τ(ej , Dekei), el〉)(p)
=el〈Dekei, ej〉 −
1
4
(τ λ¯ik + τ
i¯
kλ − τ
k¯
λi)(τ
λ
j¯l¯
+ τ j
l¯λ¯
− τ l
λ¯j¯
)−
1
4
τ λ¯
j¯ l¯
τλik
=el
(
〈∇ekei, ej〉(p) +
1
2
〈τ(ei, ek), ej〉
)
−
1
4
(τ λ¯ik + τ
i¯
kλ − τ
k¯
λi)(τ
λ
j¯l¯
+ τ j
l¯λ¯
− τ l
λ¯j¯
)−
1
4
τ λ¯
j¯l¯
τλik
=〈∇el∇ekei, ej〉+
1
2
τ
j
ik;l¯
−
1
4
(τ λ¯ik + τ
i¯
kλ − τ
k¯
λi)(τ
λ
j¯l¯
+ τ j
l¯λ¯
− τ l
λ¯j¯
)−
1
4
τ λ¯
j¯ l¯
τλik.
(3.6)
So,
RL
ij¯kl¯
(p)
=〈DekDelei −DelDekei, ej〉(p)
=Rij¯kl¯ −
1
2
(τ i¯
j¯ l¯;k + τ
j
ik;l¯
)−
1
4
(τ jkλτ
i¯
l¯λ¯
+ τ liλτ
k¯
j¯λ¯
) +
1
4
(τ λ¯ik + τ
i¯
kλ − τ
k¯
λi)(τ
λ
j¯l¯
+ τ j
l¯λ¯
− τ l
λ¯j¯
) +
1
4
τ λ¯
j¯ l¯
τλik
=
1
2
(Ril¯kj¯ + Rkj¯il¯)−
1
2
(τ i¯kλτ
λ
j¯l¯
+ τ j
l¯λ¯
τ λ¯ik)−
1
4
(τ jkλτ
i¯
l¯λ¯
+ τ liλτ
k¯
j¯λ¯
− τ λ¯
j¯l¯
τλik) +
1
4
(τ λ¯ik + τ
i¯
kλ − τ
k¯
λi)(τ
λ
j¯l¯
+ τ j
l¯λ¯
− τ l
λ¯j¯
)
(3.7)
where we have used (2),(3) in Corollary 2.1,(3.2), (3.5) and (3.6).
By directly using the last identity, we have the following identities for holomorphic sectional curvature.
Corollary 3.1. Let (M,J, g) be an almost Hermitian manifold and fix a local unitary (1, 0)-frame. Then
RLi¯ii¯i = Ri¯ii¯i + τ
i¯
iλτ
i
i¯λ¯
−
1
2
τ iiλτ
i¯
i¯λ¯
. (3.8)
Moreover, when the manifold is Hermitian,
RLi¯ii¯i = Ri¯ii¯i −
1
2
τ iiλτ
i¯
i¯λ¯
. (3.9)
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So, the holomorphic sectional curvature of the Levi-Civita connection is not greater than the holomorphic
sectional curvature of the Chern connection.
When the manifold is quasi Ka¨hler,
RLi¯ii¯i = Ri¯ii¯i + τ
i¯
iλτ
i
i¯λ¯
. (3.10)
So, the holomorphic sectional curvature of the Levi-Civita connection is not less than the holomorphic
sectional curvature of the canonical connection. Furthermore, when the manifold is nearly Ka¨hler,
RLi¯ii¯i = Ri¯ii¯i (3.11)
which means that the holomorphic sectional curvature of the Levi-Civita connection is the same as the
holomorphic sectional curvature of the canonical connection.
By that when the complex structure is integrable, τ k¯ij = 0, we have the following corollary.
Corollary 3.2. Let (M,J, g) be a Hermitian manifold and fixed a local unitary (1, 0)-frame. Then
RL
ij¯kl¯
=
1
2
(Ril¯kj¯ +Rkj¯il¯)−
1
4
(
τ i¯
l¯λ¯
τ
j
kλ + τ
l
iλτ
k¯
j¯λ¯
− τλikτ
λ¯
j¯ l¯
)
. (3.12)
By the second equality in (3.7), we have the following corollary.
Corollary 3.3. Let (M,J, g) be a quasi Ka¨hler manifold and fixe a local unitary (1, 0)-frame. Then
RL
ij¯kl¯
= Rij¯kl¯ +
1
4
(
τ λ¯ik + τ
i¯
kλ − τ
k¯
λi
)(
τλ
j¯l¯
+ τ j
l¯λ¯
− τ l
λ¯j¯
)
. (3.13)
So,
RL(X,X, Y, Y ) > R(X,X, Y, Y )
for any (1, 0)-vectors X and Y .
Remark 3.1. A similar identity was also obtained in [5].
By noting that for an almost Ka¨hler manifold, τ k¯ij + τ
i¯
jk + τ
j¯
ki = 0. We have the following corollary.
Corollary 3.4. Let (M,J, g) be an almost Ka¨hler manifold and fix a unitary frame. Then
RL
ij¯kl¯
= Rij¯kl¯ + τ
k¯
λiτ
l
λ¯j¯
. (3.14)
By Lemma 2.4, we have the following curvature identity for nearly Ka¨hler manifolds.
Corollary 3.5. Let (M,J, g) be a nearly Ka¨hler manifold and fix a local unitary (1, 0)-frame. Then
RL
ij¯kl¯
= Rij¯kl¯ +
1
4
τ λ¯ikτ
λ
j¯l¯
. (3.15)
Theorem 3.2. Let (M,J, g) be an almost Hermitian manifold and fix a local unitary (1, 0)-frame. Then
RL
ijkl¯
=
1
2
(
Rkl¯ij −Ril¯jk −Rjl¯ki
)
+
1
2
(
τ lij;k − τ
λ¯
ijτ
k¯
l¯λ¯
)
+
1
4
(
τ ljλτ
λ
ik − τ
l
iλτ
λ
jk
)
+
1
4
τ i¯
l¯λ¯
(τ λ¯jk − τ
j¯
kλ + τ
k¯
λj)−
1
4
τ
j¯
l¯λ¯
(
τ λ¯ik − τ
i¯
kλ + τ
k¯
λi
)
.
(3.16)
Proof. For p ∈M and (e1, e2, · · · , en) the local (1, 0)-frame at p as in the proof of Theorem 3.1. Then
〈DekDelei, ej〉(p)
=〈∇ekDelei, ej〉+
1
2
(〈τ(Delei, ek), ej〉+ 〈τ(ek, ej), Delei〉 − 〈τ(ej , Delei), ek〉)
=ek〈Delei, ej〉 −
1
4
τ i¯
l¯λ¯
(τ λ¯jk + τ
j¯
kλ − τ
k¯
λj)−
1
4
τ liλτ
λ
jk
=ek
(
〈∇elei, ej〉 −
1
2
〈τ(ej , ei), el〉
)
−
1
4
τ i¯
l¯λ¯
(τ λ¯jk + τ
j¯
kλ − τ
k¯
λj)−
1
4
τ liλτ
λ
jk
=
1
2
τ lji;k(p)−
1
4
τ i¯
l¯λ¯
(τ λ¯jk + τ
j¯
kλ − τ
k¯
λj)−
1
4
τ liλτ
λ
jk
(3.17)
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where we have used (3.3). Moreover
〈DelDekei, ej〉(p)
=〈∇elDekei, ej〉(p) +
1
2
(〈τ(Dekei, el), ej〉 − 〈τ(ej , Dekei), el〉)(p)
=el
(
〈∇ekei, ej〉+
1
2
(〈τ(ei, ek), ej〉+ 〈τ(ek, ej), ei〉 − 〈τ(ej , ei), ek〉)
)
(p)
−
1
4
τ
j¯
l¯λ¯
(
τ λ¯ik + τ
i¯
kλ − τ
k¯
λi
)
(p)−
1
4
τ ljλτ
λ
ik(p)
=
1
2
(
τ
j¯
ik;l¯
+ τ i¯
kj;l¯ − τ
k¯
ji;l¯
)
(p)−
1
4
τ
j¯
l¯λ¯
(
τ λ¯ik + τ
i¯
kλ − τ
k¯
λi
)
(p)−
1
4
τ ljλτ
λ
ik(p)
=−
1
2
(
Rjl¯ik +Ril¯kj −Rkl¯ji
)
(p) +
1
2
(
τ
j¯
l¯λ¯
τ λ¯ik + τ
i¯
l¯λ¯
τ λ¯kj − τ
k¯
l¯λ¯
τ λ¯ji
)
(p)
−
1
4
τ
j¯
l¯λ¯
(
τ λ¯ik + τ
i¯
kλ − τ
k¯
λi
)
(p)−
1
4
τ ljλτ
λ
ik(p)
(3.18)
where we have used Corollary 2.1 and (3.4).
Combining (3.17) and (3.18), we get
RL
ijkl¯
(p)
=
1
2
(
Rjl¯ik +Ril¯kj −Rkl¯ji
)
+
1
2
(
τ lij;k − τ
λ¯
ijτ
k¯
l¯λ¯
)
+
1
4
(
τ ljλτ
λ
ik − τ
l
iλτ
λ
jk
)
−
1
4
τ i¯
l¯λ¯
(−τ λ¯jk + τ
j¯
kλ − τ
k¯
λj) +
1
4
τ
j¯
l¯λ¯
(
−τ λ¯ik + τ
i¯
kλ − τ
k¯
λi
)
.
(3.19)
Noting that τ k¯ij = 0 for Hermitian manifolds, we have the following corollary.
Corollary 3.6. Let (M,J, g) be a Hermitian manifold and fix a local unitary (1, 0)-frame. Then
RL
ijkl¯
=
1
2
τ lij;k +
1
4
(
τ ljλτ
λ
ik − τ
l
iλτ
λ
jk
)
. (3.20)
Applying the properties of quasi Ka¨hler manifolds that τkij = 0 and (6) in Corollary 2.3, we obtain the
following corollary.
Corollary 3.7. Let (M,J, g) be a quasi Ka¨hler manifold and fix a local unitary (1, 0)-frame. Then
RL
ijkl¯
= Rkl¯ij . (3.21)
Remark 3.2. The same identity was also obtained in [5].
By (5) in Corollary 2.3, we have the following corollary for nearly Ka¨hler manifolds.
Corollary 3.8. Let (M,J, g) be a nearly Ka¨hler manifold and fix a local unitary (1, 0)-frame. Then
RL
ijkl¯
= 0. (3.22)
Theorem 3.3. Let (M,J, g) be an almost Hermitian manifold and fix a local unitary (1, 0)-frame. Then,
RLijkl =
1
2
(
τ
j¯
kl;i − τ
i¯
kl;j
)
+
1
2
(
τ l¯ij;k − τ
k¯
ij;l
)
+
1
2
(
τλijτ
λ¯
kl + τ
λ¯
ijτ
λ
kl
)
+
1
4
τλik
(
τ λ¯jl − τ
j¯
lλ − τ
l¯
λj
)
+
1
4
τλjl
(
τ λ¯ik − τ
i¯
kλ − τ
k¯
λi
)
−
1
4
τλil
(
τ λ¯jk − τ
j¯
kλ − τ
k¯
λj
)
−
1
4
τλjk
(
τ λ¯il − τ
i¯
lλ − τ
l¯
λi
)
.
(3.23)
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Proof. We proceed similarly as before. Let p ∈ M and (e1, e2, · · · , en) the local (1, 0)-frame at p in the
proof of Theorem 3.1. Then
〈DekDelei, ej〉(p)
=〈∇ekDelei, ej〉+
1
2
(〈τ(Delei, ek), ej〉+ 〈τ(ek, ej), Delei〉 − 〈τ(ej , Delei), ek〉)
=ek〈Delei, ej〉+
1
4
τλil
(
τ
j¯
λk + τ
λ¯
kj − τ
k¯
jλ
)
+
1
4
τλkj
(
τ λ¯il + τ
i¯
lλ − τ
l¯
λi
)
=ek
(
〈∇elei, ej〉+
1
2
(〈τ(ei, el), ej〉+ 〈τ(el, ej), ei〉 − 〈τ(ej , ei), el〉)
)
+
1
4
τλil
(
τ
j¯
λk + τ
λ¯
kj − τ
k¯
jλ
)
+
1
4
τλkj
(
τ λ¯il + τ
i¯
lλ − τ
l¯
λi
)
=
1
2
(
τ
j¯
il;k + τ
i¯
lj;k − τ
l¯
ji;k
)
−
1
4
τλil
(
τ λ¯jk + τ
j¯
kλ − τ
k¯
λj
)
−
1
4
τλjk
(
τ λ¯il + τ
i¯
lλ − τ
l¯
λi
)
(3.24)
where we have used (3.4). Similarly,
〈DelDekei, ej〉(p) =
1
2
(
τ
j¯
ik;l + τ
i¯
kj;l − τ
k¯
ji;l
)
−
1
4
τλik
(
τ λ¯jl + τ
j¯
lλ − τ
l¯
λj
)
−
1
4
τλjl
(
τ λ¯ik + τ
i¯
kλ − τ
k¯
λi
)
. (3.25)
Moreover, note that
[ek, el](p) = ∇ekel(p)−∇elek(p)− τ(ek, el)(p) = −τ
λ
kleλ − τ
λ¯
kleλ¯.
So
〈D[ek,el]ei, ej〉(p) =− τ
λ
kl〈Deλei, ej〉 − τ
λ¯
kl〈Deλei, ej〉
=−
1
2
τλkl
(
τ
j¯
iλ + τ
i¯
λj − τ
λ¯
ji
)
−
1
2
τλijτ
λ¯
kl
=
1
2
(
τ i¯jλ − τ
j¯
iλ
)
τλkl −
1
2
(
τλijτ
λ¯
kl + τ
λ¯
ijτ
λ
kl
) (3.26)
where we have used (3.3) and (3.4).
Hence
RLijkl(p)
=〈DekDelei −DelDekei −D[ek,el]ei, ej〉(p)
=
1
2
(
τ
j¯
il;k − τ
j¯
ik;l
)
+
1
2
(
τ i¯lj;k − τ
i¯
kj;l
)
+
1
2
(
τ l¯ij;k − τ
k¯
ij;l
)
+
1
4
τλik
(
τ λ¯jl + τ
j¯
lλ − τ
l¯
λj
)
+
1
4
τλjl
(
τ λ¯ik + τ
i¯
kλ − τ
k¯
λi
)
−
1
4
τλil
(
τ λ¯jk + τ
j¯
kλ − τ
k¯
λj
)
−
1
4
τλjk
(
τ λ¯il + τ
i¯
lλ − τ
l¯
λi
)
−
1
2
(
τ i¯jλ − τ
j¯
iλ
)
τλkl +
1
2
(
τλijτ
λ¯
kl + τ
λ¯
ijτ
λ
kl
)
=
1
2
(
τ
j¯
kl;i −
(
τ
j¯
iλτ
λ
kl + τ
j¯
kλτ
λ
li + τ
j¯
lλτ
λ
ik
))
+
1
2
(
τ i¯lk;j −
(
τ i¯lλτ
λ
kj + τ
i¯
kλτ
λ
jl + τ
i¯
jλτ
λ
lk
))
+
1
2
(
τ l¯ij;k − τ
k¯
ij;l
)
+
1
4
τλik
(
τ λ¯jl + τ
j¯
lλ − τ
l¯
λj
)
+
1
4
τλjl
(
τ λ¯ik + τ
i¯
kλ − τ
k¯
λi
)
−
1
4
τλil
(
τ λ¯jk + τ
j¯
kλ − τ
k¯
λj
)
−
1
4
τλjk
(
τ λ¯il + τ
i¯
lλ − τ
l¯
λi
)
−
1
2
(
τ i¯jλ − τ
j¯
iλ
)
τλkl +
1
2
(
τλijτ
λ¯
kl + τ
λ¯
ijτ
λ
kl
)
=
1
2
(
τ
j¯
kl;i − τ
i¯
kl;j
)
+
1
2
(
τ l¯ij;k − τ
k¯
ij;l
)
+
1
2
(
τλijτ
λ¯
kl + τ
λ¯
ijτ
λ
kl
)
+
1
4
τλik
(
τ λ¯jl − τ
j¯
lλ − τ
l¯
λj
)
+
1
4
τλjl
(
τ λ¯ik − τ
i¯
kλ − τ
k¯
λi
)
−
1
4
τλil
(
τ λ¯jk − τ
j¯
kλ − τ
k¯
λj
)
−
1
4
τλjk
(
τ λ¯il − τ
i¯
lλ − τ
l¯
λi
)
(3.27)
where we have used (1) in Corollary 2.2.
As before, using properties of Hermitian manifolds and quasi Ka¨hler manifolds, we have the following
corollaries.
Last1 F N et al. Sci China Math January 2016 Vol. 59 No. 1 11
Corollary 3.9. Let (M, g, J) be a Hermitian manifold and fix a local unitary (1, 0)-frame. Then, RLijkl =
0.
Corollary 3.10. Let (M,J, g) be a quasi Ka¨hler manifold and fix a local unitary (1, 0)-frame. Then
RLijkl =
1
2
(
τ
j¯
kl;i − τ
i¯
kl;j
)
+
1
2
(
τ l¯ij;k − τ
k¯
ij;l
)
. (3.28)
By Theorem 2.1, we have the following corollary for nearly Ka¨hler manifolds.
Corollary 3.11. Let (M,J, g) be a nearly Ka¨hler manifold and fix a local unitary (1, 0)-frame. Then
RLijkl = 0.
At the end of this section, we compute the Ricci curvature of the Levi-Civita connection of an al-
most Ka¨hler manifold and a nearly Ka¨hler manifold in terms of curvature and torsion for the canonical
connection.
Theorem 3.4. Let (M,J, g) be an almost Ka¨hler manifold and fixed a local unitary (1, 0)-frame. Then,
RLij = Riλ¯λj +Rjλ¯λi and R
L
ij¯ = R
′
ij¯ − 2τ
λ¯
iµτ
µ
j¯λ¯
. (3.29)
Proof.
RLij = R
L
λijλ¯
+RL
λ¯ijλ
= RL
λijλ¯
+RL
λjiλ¯
= Rjλ¯λi +Riλ¯λj (3.30)
where we have used the symmetries for the curvature tensor of Levi-Civita connection and Corollary 3.7.
Moreover
RLij¯ =R
L
λij¯λ¯
+RL
λ¯ij¯λ
=− RL
λj¯λ¯i
−RL
λλ¯ij¯
+RL
λ¯ij¯λ
=2RL
λj¯iλ¯
−RL
λλ¯ij¯
=2Rλj¯iλ¯ + 2τ
i¯
µλτ
λ
µ¯j¯ −R
′
ij¯ − τ
i¯
µλτ
j
µ¯λ¯
=2(Rλλ¯ij¯ − τ
λ¯
iµτ
µ
j¯λ¯
)−R′ij¯ + τ
i¯
µλτ
λ
µ¯j¯ + τ
i¯
µλ(τ
λ
µ¯j¯ + τ
j
λ¯µ¯
)
=R′ij¯ − 2τ
λ¯
iµτ
µ
j¯λ¯
+ τ i¯µλτ
λ
µ¯j¯ − τ
i¯
µλτ
µ
j¯λ¯
=R′ij¯ − 2τ
λ¯
iµτ
µ
j¯λ¯
+ τ i¯µλτ
λ
µ¯j¯ − τ
i¯
λµτ
λ
j¯µ¯
=R′ij¯ − 2τ
λ¯
iµτ
µ
j¯λ¯
(3.31)
where we have used Corollary 3.4 and Corollary 2.3.
Theorem 3.5. Let (M,J, g) be a nearly Ka¨hler manifold and fix a local unitary (1, 0)-frame. Then
RLij = 0 and R
L
ij¯ = Rij¯ +
5
4
τ
µ¯
iλτ
µ
j¯λ¯
. (3.32)
So,
RicL(X,X) > Ric(X,X)
for any real tangent vectorsX , where RicL means the Ricci curvature tensor of the Levi-Civita connection
and Ric means the Ricci curvature tensor of the canonical connection.
Proof. The proof is the same as the proof of Theorem 3.4 using Corollary 3.5 and Corollary 3.8.
4 Integrability of quasi Ka¨hler manifolds
In this section, with the help of the curvature identities derived in the last two sections, we obtain some
results about the integrability of quasi Ka¨hler manifolds.
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First, recall that the ∗-scalar curvature S∗ for the Levi-Civita connection of an almost Hermitian
manifold is defined as (see for example [1])
S∗ = RL
λλ¯µµ¯
. (4.1)
Let Sc be the scalar curvature of the canonical connection. That is,
Sc = Rλλ¯µµ¯. (4.2)
Theorem 4.1. Let (M,J, g) be a quasi Ka¨hler manifold. Then
Sc 6 S∗ (4.3)
all over M . Moreover, if the equality holds all over M , then Rij¯kl = 0 for all i, j, k and l all over M . If
the manifold is almost Ka¨hler, then it must be Ka¨hler when the equality holds all over M .
Proof. By Corollary 3.3, we know that
S∗ = Sc +
1
4
n∑
λ,µ,ν=1
∣∣∣τ ν¯λµ + τ λ¯µν − τ µ¯νλ∣∣∣2 > Sc. (4.4)
When the equality holds all over M , we have
τ k¯ij + τ
i¯
jk − τ
j¯
ki = 0 (4.5)
for all i, j and k, all over M . Then
τ k¯
ij;l¯ + τ
i¯
jk;l¯ − τ
i¯
ki;l¯ = 0 (4.6)
which means that
Rkl¯ij +Ril¯jk −Rjl¯ki = 0 (4.7)
by (5) in Corollary 2.3. Combining this with (6) in Corollary 2.3, we know that Rij¯kl = 0 for all i, j, k
and l.
When the manifold is almost Ka¨hler and the equality holds all over M . It is clear that τ k¯ij = 0 for all
i, j and k by combining (4.5) and τ k¯ij + τ
i¯
jk + τ
j¯
ki = 0 for all i, j and k.
Remark 4.1. In [1], there is a similar inequality in integration form for compact almost Ka¨hler manifolds.
We know that when the complex structure is integrable, then the (2,0)-part of the curvature tensor for
the canonical connection vanishes. One may ask if the converse is true. It turns out that the converse
is not true even when the manifold is almost Ka¨hler. Indeed, there are examples of strictly almost
Ka¨hler manifolds (almost Ka¨hler but not Ka¨hler) with vanishing (2,0)-part of the curvature tensor for
the canonical connection which is equivalent to that the curvature tensor for the Levi-Civita connection
satisfies the third Gray identity by Corollary 3.7(see for example [1]). However, when some curvature
conditions are imposed, the answer turns out to be affirmative.
Theorem 4.2. Let (M,J, g) be a compact quasi Ka¨hler manifold with quasi positive second Ricci cur-
vature and parallel (2,0)-part of the curvature tensor for the canonical connection. Then, the manifold
must be Ka¨hler.
Proof. Note that for a quasi Ka¨hler manifold, the Laplacian opertors on functions for the canonical
connection and the Levi-Civita connection coincide (See for example [9, 26]). So, we simply denote it as
∆. Fix a local unitary (1, 0)-frame, we have
∆(τ k¯ijτ
k
i¯j¯) =(τ
k¯
ijτ
k
i¯j¯)ll¯
=τ k¯ij;lτ
k
i¯j¯;l¯ + τ
k¯
ij;l¯τ
k
i¯j¯;l + τ
k¯
ij;ll¯τ
k
i¯j¯ + τ
k¯
ijτ
k
i¯j¯;ll¯
=τ k¯ij;lτ
k
i¯j¯;l¯ + τ
k¯
ij;l¯τ
k
i¯j¯;l + (τ
k¯
ij;l¯l +Riλ¯ll¯τ
k¯
λj +Rjλ¯ll¯τ
k¯
iλ +Rλk¯ll¯τ
λ¯
ij)τ
k
i¯j¯ + τ
k¯
ijτ
k
i¯j¯;ll¯
=τ k¯ij;lτ
k
i¯j¯;l¯ + τ
k¯
ij;l¯τ
k
i¯j¯;l + (−Rkl¯ij;l +R
′′
iλ¯
τ k¯λj +R
′′
jλ¯
τ k¯iλ +R
′′
λk¯
τ λ¯ij)τ
k
i¯j¯ − τ
k¯
ijRk¯l¯ij¯;l¯
=τ k¯ij;lτ
k
i¯j¯;l¯ + τ
k¯
ij;l¯τ
k
i¯j¯;l + (R
′′
iλ¯
τ k¯λj +R
′′
jλ¯
τ k¯iλ +R
′′
λk¯
τ λ¯ij)τ
k
i¯j¯
>0
(4.8)
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where we have used Corollary 2.3 and the Ricci identity for commuting covariant derivatives with respect
to the canonical connection (See for example [9]). By maximum principle, we know that ‖τ‖2 is constant
and that τ is parallel. Since the second Ricci curvature is positive at some point, τ vanishes at some
point. Therefore τ vanishes all over M and the metric is Ka¨hler.
Furthermore, we have the following integral inequality by taking integration on (4.8).
Theorem 4.3. Let (M,J, g) be a compact quasi Ka¨hler manifold. Then
∫
M
∑
i,j,k,l=1
(R′′
il¯
τ k¯lj +R
′′
jl¯
τ k¯il +R
′′
lk¯
τ l¯ij)τ
k
i¯j¯dV 6
∫
M
n∑
i,j,k,l=1
|Rij¯kl|
2dV. (4.9)
Proof. By Lemma 3.1, it is not hard to check that the divergence operators on vector fields for the
canonical connection and the Levi-Civita connection coincide on quasi Ka¨hler manifolds. Moreover, by
(4.8), we have
∆(τ k¯ijτ
k
i¯j¯) =τ
k¯
ij;lτ
k
i¯j¯;l¯ + τ
k¯
ij;l¯τ
k
i¯j¯;l + (R
′′
iλ¯
τ k¯λj +R
′′
jλ¯
τ k¯iλ +R
′′
λk¯
τ λ¯ij)τ
k
i¯j¯ + τ
k¯
ij;l¯lτ
k
i¯j¯ + τ
k¯
ijτ
k
i¯j¯;ll¯
=τ k¯ij;lτ
k
i¯j¯;l¯ − τ
k¯
ij;l¯τ
k
i¯j¯;l + (R
′′
iλ¯
τ k¯λj +R
′′
jλ¯
τ k¯iλ +R
′′
λk¯
τ λ¯ij)τ
k
i¯j¯ + (τ
k¯
ij;l¯τ
k
i¯j¯)l + (τ
k¯
ijτ
k
i¯j¯;l)l¯
>−
n∑
i,j,k,l=1
|Rij¯kl|
2 + (R′′
iλ¯
τ k¯λj +R
′′
jλ¯
τ k¯iλ +R
′′
λk¯
τ λ¯ij)τ
k
i¯j¯ + (τ
k¯
ij;l¯τ
k
i¯j¯)l + (τ
k¯
ijτ
k
i¯j¯;l)l¯
(4.10)
where we have used Corollary 2.3. Taking integration on both sides of the last inequality and applying
the divergence theorem, we obtain the conclusion.
5 Integrability of nearly Ka¨hler manifolds
In this section, we consider intergrability of nearly Ka¨hler manifolds.
Proposition 5.1. Let (M,J, g) be a nearly Ka¨hler manifold and fix a local unitary (1, 0)-frame. Then
n∑
k,l,λ,µ=1
Rij¯kl¯τ
k
λ¯µ¯
τ l¯λµ = 0 (5.1)
for all i and j.
Proof. By Corollary 2.4, we know that
n∑
λ=1
(
τ λ¯klRij¯mλ¯ + τ
λ¯
lmRij¯kλ¯ + τ
λ¯
mkRij¯lλ¯
)
= 0 (5.2)
for all i, j, k, l and m. Then
n∑
k,l,m,λ=1
(
τ λ¯klRij¯mλ¯ + τ
λ¯
lmRij¯kλ¯ + τ
λ¯
mkRij¯lλ¯
)
τm
k¯l¯
= 0. (5.3)
By Lemma 2.4, we have
3
n∑
k,l,λ,µ=1
Rij¯kl¯τ
k
λ¯µ¯
τ l¯λµ =
∑
k,l,m,λ=1
(
Rij¯mλ¯τ
λ¯
klτ
m
k¯l¯
+Rij¯kλ¯τ
λ¯
lmτ
k
l¯m¯
+ Rij¯lλ¯τ
λ¯
mkτ
l
m¯k¯
)
= 0. (5.4)
Hence
n∑
k,l,λ,µ=1
Rij¯kl¯τ
k
λ¯µ¯
τ l¯λµ = 0. (5.5)
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Theorem 5.1. Let (M,J, g) be a nearly Ka¨hler manifold. Then, if the Ricci curvature of the canonical
connection is positive definite or negative definite at some point, then the manifold must be Ka¨hler.
Proof. By Proposition 5.1, we have ∑
k,l,λ,µ=1
Rkl¯τ
k
λ¯µ¯
τ l¯λµ = 0. (5.6)
If the (Rkl¯) is positive or negative at some point p ∈ M , then
τ l¯λµ(p) = 0 (5.7)
for all λ, µ and l. Note that τ is parallel on M by Theorem 2.1. So τ = 0 all over M and hence (M,J, g)
is Ka¨hler.
Theorem 5.2. Let (M6, J, g) be a strictly nearly Ka¨hler manifold. Then Rij¯ = 0 for all i and j.
Proof. Let Φ(X,Y, Z) = 〈τ(X,Y ), Z〉 for any (1,0)-vectors X,Y and Z. Then Φ is a (3, 0)-form on
M by Lemma 2.4. Let e1, e2, e3 be a unitary frame and ω
1, ω2, ω3 be its dual frame. Suppose that
Φ = cω1 ∧ ω2 ∧ ω3. Since the manifold is non-Ka¨hler, c 6= 0. Moreover, it is clear that
τ k¯ij = c · sgn
(
1 2 3
i j k
)
. (5.8)
Substituting it in to 5.1, we have
|c|2Rij¯ = 0. (5.9)
This completes the proof.
By the last result, we can reproduce the following well-known result of Gray [13].
Corollary 5.1. Let (M6, J, g) be a strictly nearly Ka¨hler manifold. Then, (M6, g) as a Riemannian
manifold must be a Einstein manifold with positive scalar curvature.
Proof. Let Φ and c be the same as the proof of last theorem. Since τ is parallel by Theorem 2.1, ‖τ‖2 is
constant. Hence |c|2 does not depend on the point we chosen. By Theorem 3.5 and the last theorem, we
know that
RLij = 0 and R
L
ij¯ =
5
4
|c|2gij¯ . (5.10)
This completes the proof.
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